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ABSTRACT

A theory of the spin dynamics of [=3/2 quadrupolar nuclei in the sudden-passage
limit is discussed in relation to the recently observed rotational resonance (RR) effects on
the excitation and conversion of triple-quantum coherence in the FASTER multiple-
quantum magic-angle spinning (MQMAS) experiments [T. Vosegaard, P. Florian, D.
Massiot, and P. J. Grandinetti, J. Chem. Phys. 114, 4618 (2001)]. A novel interaction
frame, which combines the quadrupolar interaction with the central transition radio
frequency irradiation, is shown to be useful in understanding the complex spin dynamics
at and away from RR conditions. Analytical expressions for the Hamiltonian obtained
from bimodal Floquet theory are included in order to provide insight into the spin
dynamics observed in the FASTER MQMAS experiments. Numerical simulations have

been performed and were found to support the theoretical formalism.



I. INTRODUCTION

The study of the spin dynamics of quadrupolar nuclei in rotating samples
is an important and active area of research in solid state NMR. The spin dynamics of a
quadrupolar spin under magic-angle spinning (MAS) conditions is drastically different
from that of non-quadrupolar spin systems. The large, time-dependent quadrupolar
interaction complicates the spin dynamics, rendering quadrupolar nuclei unsuitable as a
practical magnetization source in the cross-polarization MAS experiments for which
efficient spin-locking of the magnetization is essential. In addition, the recently
developed high-resolution multiple-quantum magic-angle spinning (MQMAS)
technique'”  for half-integer quadrupolar nuclei has drawn more attention to the study of
the spin dynamics of quadrupolar nuclei, in order to improve efficiency of the multiple-
quantum excitation and subsequent conversion to central transition coherences.
In 1992, A. J. Vega formulated a theory regarding the spin-locking behavior of

the central transition (CT) coherence in quadrupolar spin systems.” *

The theory
demonstrated that the spin-locking behavior is strongly dependent on the relationship

between the magnitude of the quadrupolar interaction (wq), the spinning frequency (o),

and the radio frequency (rf) field strength (w;). Vega introduced an adiabaticity

2
parameter, o =—

, to characterize the spin-locking behavior as a function of the rf

w,0

Q™r
power. In the adiabatic region, where high rf power is applied under slow MAS (i.e., a
>> 1), conversion from CT to multiple-quantum (MQ) transition coherence occurs during

the spin-locking pulse and sample rotation. Such transfers are the basis of the RIACT



method used in MQMAS sequences for MQ conversions.” Under conditions of low rf
power and rapid sample spinning (i.e., the sudden-passage limit where o << 1), the CT
coherences are not transferred into MQ coherences, thus the CT coherences are
effectively spin-locked. However, when at rotational resonance (RR) conditions given by

nw

T

o, = ——— %7 (where I is the spin quantum number of the quadrupolar nucleus and n is
LI+

an integer), poor spin-locking behavior in the sudden-passage limit is observed. This
phenomenon has not been well understood.

More recently, Vosegaard et al.® observed interesting coherence transfers in 1=3/2
nuclei at low rf power and under fast MAS, a technique called the FASTER MQMAS
experiment. They demonstrated that triple-quantum coherence could be created
efficiently from triple-quantum z-magnetization when spin-locking between the
conditions (n—1)o, <2m, <nw,, with minimum efficiency occurring at 2®m, =no,.
Additionally, triple-quantum coherence was efficiently transferred to CT coherence at RR

conditions, ®, =nw,. This may explain the poor spin-locking efficiency of the CT

coherence at RR conditions. However, a rigorous theoretical treatment is required in
order to understand fully the complicated spin dynamics in the sudden-passage limit.
Such an understanding would be useful in the design of other low rf power multiple-
quantum excitation and conversion schemes.

In this report, we present a new theoretical approach that explains the two types of
coherence transfers exploited in the FASTER MQMAS experiments.® An interaction

frame involving both the quadrupolar and CT Hamiltonians is used in order to obtain

quantitative insight into the spin dynamics. A perturbative treatment using bimodal



Floquet theory’ is then employed to explore the spin dynamics of I=3/2 nuclei in the

sudden-passage regime.

II. THEORY

A. Hamiltonian in the interaction frame
Under rf irradiation and neglecting resonance offsets and the second-order
quadrupolar interaction, the rotating-frame spin Hamiltonian of a spin 1=3/2 nucleus

during MAS can be written in a fictitious spin % operator'® ' basis as:
H(t) = 0, (0152 =15 *) + 30,152 +15*) + 20,137
=Hq(t) + Hyp + Hip [1]
where o) is the rf field strength. The states are labeled as |1)=|m, =+3/2),
12)=|m, =+1/2), |3)=|m;=-1/2), and |4)=|m, =-3/2).  The (first-order

quadrupolar frequency, mq(t), which is rendered time-dependent by MAS, is given by:

0, () =0, [C,cos(w,t +7)+ C,cos(20, t +2y)+ S,sin(w, t +7)+S,sin(2w, t + 2v)]
3. . n

C, = —gsm(ze)sm(zﬁ)(l - gcos(zoc)j

C, = %sin2 (G{Sin2 (B)+ 2 (cos2 (B)+ 1)005(2(1))

S, = —2sin(26)sin([3)sin(2a)

S, = —Esinz(ﬁ)cos(ﬁ)sin@a)



3C,
0, =21 [2]
121-1)

2
where C, = © EQ is the quadrupolar coupling constant, and n is the quadrupolar

asymmetry parameter. The Euler angles (a, 3, y) relate the quadrupolar principal axis

system to the rotor-fixed coordinate system, and 0 = cos™' (Lj, the magic-angle. The

NG

propagator for the Hamiltonian is given by:
t
U(t) = T{exp(—i | H(t')dt')} [3]
0

where T is the Dyson time ordering operator. The dynamics of spin 3/2 nuclei under
spin-locking conditions has been studied in the past.'* > The dynamics of the system are
complicated by the large, time-dependent quadrupolar Hamiltonian, which does not
commute at different times with the satellite transition term, Hj}, of the rf Hamiltonian.

In such cases, a quadrupolar interaction frame has been used in order to remove the
quadrupolar term from subsequent calculations in the new frame. This has been utilized
in the past under both static'* and MAS conditions'’ to explain many phenomena in
systems with large quadrupole moments.

Consider an alternative transformation defined by

V(t) = T{exp(— ij [HQ (t)+HST ]dt'J}



= exp[—i _[ o, (t)dt (157 = I H)exp(-2iw, tI5 ) (4]

The first exponential term represents the ordinary transformation into the quadrupolar
frame. The second exponential term is an additional piece involving only the CT spin
operator. Since both terms commute with each other at different times, V(t) can be
evaluated easily by simple integration. The inclusion of the CT in the frame
transformation makes the mechanism of RR in quadrupolar spin systems more
transparent.

Eq. [3] then can be rewritten as

U = V() T{exp(—i [Hoer )dt')} = VOU ger (0 [5]

where Uq cr(t) is the propagator in the interaction frame, generated by the Hamiltonian
Hocr():
N (A
Ho e (H) = VI(OH®V() - iV (1) (T())

= \/50)1 {[(I'X’2 +13 Hcos(o,t) + (147 — 15 )sin(colt)]cos(j- 0, (t)dt") -

t 6
[(1}2 =15 H)cos(o, t) — (1 + 15 )sin(oalt)]sin(.[(oQ (t')dt')} 1}

In this frame, the satellite transitions are modulated at »; from the CT Hamiltonian and at
o, from the modulation of the quadrupolar interaction under MAS.

Since wq(t) = og(t +21/w;),

cos(f 0, (t)dt") = ZAnexp(inmrt)
0 n=-0



sin(jf 0, (t)dt") = i B, exp(inm, t)
0 [7]

Therefore, Eq. [6] can be expanded in a Fourier series in both m; and o, to give:

Hoer = z an,m exp(—imo, t) exp(-inw, t) [8]

m=*] n=-o©

= o [+ 1, - (3 -1,
+ exp(iigj((lgf ~A, (I 1B, )]

V3

:7(,;1((An +iB, | TFNCF|+(A, —iB, |C+)(T | [9]

where |T +) = L(]l) i|4>) and |C )= L(j2> i|3>) are the triple-quantum and CT

B NP
states, as previously defined by Vega.” In order to evaluate the propagator of Eq. [5],
bimodal Floquet theory is utilized. In the past, Floquet theory has been used in the study
quadrupolar nuclei under spin-locking and MAS.'* '® From Eq. [8], two natural
frequencies, o, (from the MAS) and ®; (from the CT rf), arise in the problem, thus
necessitating the use of bimodal Floquet theory.” In the next section, bimodal Floquet

theory is used to solve for Uq cr(t), the propagator in the interaction frame.



B. Bimodal Floquet Treatment
The time dependence of the Hamiltonian complicates the evaluation of Ugcr(t)

since[H, o1 (1), Hy o ()] #0 for t+#t' but can be removed by transforming to Floquet

space. However, this requires expanding a four dimensional Hilbert space to an infinite

p)=[T=)

“dressed” with the states |N, M>, which are “oscillator-like” states labeled by the number

dimensional Floquet space.'” In this space, the spin states,

_> , become

of quadrupolar-induced rotational quanta and CT rf quanta, respectively. A Floquet

Hamiltonian then can be written

EN,M

paN’M><P=N’M|+Z <p|H0,1|p'>

P

p,N,M+1)(p',N,M|+

o0

p, N,M)(p' NM+1|+Z (p|H,,

)
p)

H=Y S 3 | PlHe )
' (p[H_,.|p)
(p[H.,,[p)

p,N,M)(p',N+n,M +1 |+<p|Hn’_1
p,N,M)(p',N+n,M—1|

H, b'+H, b+ 3 H,  (a")"b'
—o N +oN+| " a HZ:‘ ! [11]

+H_,_a"b+H_ a"d"+H,_ (a")"b
where E , =o,N+o M, and the operators H ., are defined in Eq. [9]. N"and N' act
similarly to number operators for the rotational and CT quanta respectively, and the
operators a, a', b, b’ act similarly to raising and lowering operators for the rotational and

CT “quanta” respectively. Their matrix elements are given by

<p, o N’ +031N1|p',N',M'>:8

p,p’6 N,N' 8 MM' E N.M

(p,N,M[H,,,,a"

p',N', M'> = <p |Hm,irl | p'>6N,N'-n6M,M'

(P-N.M[H,,., (")

p',N',M'> = <p|Hm +1| >8N,N‘+n8M,M'

p,N+n,M+1){p',N,M| +

p,N+n,M-1)(p',N,M|+




(p,N,M[H,,,b"

p',N', M'> = <p |Hm,i1 | pv>8N,N‘6M,M'—n

m,+1

(p,N,M|H,, ., (®")"

P NS M) = (p[H,, [ P)3n x it [12]
Eq. [3] then can be written as:

U(t) = V(t)exp(—iH t) [13]

In the following sections, nondegenerate and degenerate perturbation theories will
be used to gain quantitative insight into the spin dynamics of quadrupolar nuclei at and
away from RR conditions.

1. Away from Rotational Resonance Conditions

Away from RR conditions, the states p,N,M> and |p’,N’,Mil> are not
degenerate with respect to rf and rotational energies, i.e. E # Ey.\..,. Therefore, non-

degenerate perturbation theory can be used to evaluate Hr by treating the H ., terms as a

perturbation to the ® N" +®,N' term. The validity of a perturbation expansion requires

that the energy difference between the states that are coupled by the perturbation be

greater in magnitude than the coupling. Formally this requires
EN,M - EN',M" > Z‘HN—N',M—M" [14]
for all possible N, M, N',M', and Z>1. Since H .\, 18 nonzero only if M-M'=+1,

this gives

(N=NYo, o[> ZH, .y

Z@MN_N +iBy | [15]

Fig. 1 gives the fraction of crystallite orientations that satisfy Eq. [15] for Z = 2 [(a), (b)]
and Z =4 [(c), (d)], under two different sample spinning speeds, o,/2nt =20 kHz [(a), (¢)]

and 40 kHz [(b), (d)], with Cq =2.43 MHz and n = 0. As shown in Fig. 1, the fraction of



crystallites satisfying the perturbation criterion decreases with increasing rf power and
decreasing wg/®,. Also, the larger the ratio of wg/®,, the more RR conditions will be
observed. In addition, dips appear at the RR conditions nw; = ®;. This stems from the

fact that the states TJ_r,N,M> and |Ci,N+n,M—l> are degenerate, and therefore Hp

must be explicitly diagonalized in these subspaces. This results in a mixing triple-
quantum and CT states and is the basis for the triple-quantum conversions observed
under RR, as will be discussed in the next section. Although the energy difference
between the Floquet states is greater than the coupling between them for the majority of
crystallite orientations, Fig. 1 indicates that it is not much bigger. This means that
higher-order terms in the perturbation treatment must be calculated in order to fully
describe the dynamics. In the following treatment, we present calculations only up to

second-order. Using the fact that [H,,,H,_, ] = 0 for all N and P, Hr can be written to

second-order as” '®

SO 3] DL AN SVRVITSNEVIRS o o e SV

N e = &u Do, +So,

0 -2 734 _
(DrN+0~)1M+ z 31(’01 (Iz Iz )(A-DBD AD]3-D) _

©  » — 2(Do, +®,)

- N,MYN,M

N;w Mzw 31 —123)A,A_, +B,B ) IN.M)(N M

2(Do, +®,)

- i i (0 N+oM)|T+)XT +|+| T -}T | +|C+)(C +|+|C -} -[|N,M)(N, M|
L5 30T T T[N AB ABo)

P 4(Do, + ®,)
07T T[T OO OO +BB)

4(Do, + »,)
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[16]
To this order of perturbation theory, the eigenstates of Hy are given by |T i>| N,M> and
|C ir>| N,M> . In the absence of any second-order quadrupolar coupling and resonance
offset, the density matrix at time t is given by
p(t) = 3(IIZ’4cos(mnutt) - I‘Y"‘sin(conutt)> [17]
with the initial condition p(0)=31,*. This simply describes the nutation of initial

populations, given by I.*, into triple-quantum coherences. The nutation frequency is

given by:

3o)(A2+B) = 30’ (A A +BB 5)
>

_ ; [18]

nut

Dol Do’ —
Without the second-order quadrupolar coupling, Eq. [17] indicates that only I.* is
generated for all crystallite orientations, i.e., only y-phase triple-quantum coherence is
excited for each crystallite. This explains why the creation of triple-quantum coherence
is enhanced away from RR. However, when halfway between RR conditions, there is a
minimum in the efficiency of triple-quantum coherence creation.® Using Eq. [18], a
distribution for wn, over different crystallites can be calculated for a powder at various rf

field strengths, as shown in Fig. 2. From this figure, it can be seen that the powder

averaged ® o should change signs in between RR conditions. When o;~(n+1/2)w,,

nut
o, =0, with the distribution of ®,, becoming more symmetric about wn, = 0, thus

degrading the efficiency of the triple-quantum excitation. This is further investigated in

the numerical simulation section later in the text.

11



2. Near Rotational Resonance Condition

Near RR conditions (n®; ~ ®;), the states

p,N,M> and |p',N+Kn,M—K> are

degenerate (where K is an integer), and Hr must be diagonalized explicitly in these
subspaces. For the perturbation treatment to be valid, the energy difference between the
states in different nearly degenerate subspaces must be greater than the coupling between

those states. Hp can be written as:

Hp =Hg, +H e [19]

where H,,, which represents the portion of the Hr that must be diagonalized explicitly,

is given by:

Hy, =0, N" +o,N' +§ml (A, +iB)| T+)XC+/@") b+ (A, —iB_,)|C+)(T+a"b" |+
gml A, =B, CNT-|@)"b+ (A, +iB_)|T-)C—[a"b"] [20]

H aee » Which represents the interactions between nondegenerate subspaces, is given by:

H, e = H,b"+H, b+H (a")"b"+H_ _a"b

+ > H, (@)'b"+H_, ja'b+H_ab"+H, (a")b [21]

r#n>0

Hgee can be diagonalized to give:

0 0

Hdeg = z Z (EN,M +An +8;’)

N=—00 M=—x

+(Eyy —A, + dgp)

¥ (Prou |

lP;M ><\PIJ:IM ‘ + (EN,M +A, _8$)

q)IJ:I,M ><®;,M "" (EN,M —A, =8) q)&,M ><®;,M ‘

no, - o,

where A, =
2

, 80 :%\/4&1 +3w’ |A, +iB, |* and

5" :%\/4&“ 130’ |A —iB, [, and

12



A +1B,
cos(0y) = -
\/(SQ +A,) +|A, +iB,
Oy +A
sin(0.,) = v T 00 2
\/(8\‘;, +A,)*+|A, +iB,
A —iB,
cos(04) =

2

J(é; ~A,)’ +[A, -iB,

8y —A,

sin(0,) = :

J63 -8 +|a, -iB,

_ A_-iB,
exp(ipy ) = m

. A, —iB.
exp(ip,, ) = m [22]

Starting with initial x-phase CT coherence, p(0) =15

NM

N,M)(N,M

, the density

matrix can be rewritten as:

P (0)=1"Y"

N.M

N,M)(N,M|= %% |C+,N,M){C+,N,M|-|C—,N,M)(C—,N,M

_ %% cos” (04 )| ¥\ ><‘P;’M ‘ +sin?(0, )‘ ¥ om ><\P;M ‘ +

13



cos(By )sin(8,, )q ¥am ><KP;M ‘ + ‘T;M ><T§M ‘)_ % Z cos’ (6, )‘ D ><(D;,M ‘
N.M

#5807 (0 )| Pxope N @y [ + 050, 5100 )@ 350 WD [+ @ine @ |) 1231
pr(t), to the lowest order in perturbation theory is:
= 308 O Wi s 507 00| ¥ (¥

N.M
+cos(8, )sin(0., exp(2id5 0] ¥rp, }(Whne |+ exp(-2i85 0¥ ¥ 5 |
- % z cos” CH )‘ (D;,M ><(D;IM ‘ +sin’ (Ch )‘ D m ><(D§,M ‘ +

N.M

c05(0., )sin(0,, )(exp(2i8 0] @y, } (D7 |+ exp(-2i85 0] @7, @5, ) [24]
In Hilbert space, the reduced density matrix for the spin is given by*

PO =V®D. D (N,M|p ()| N',M)exp(i(N - N'o,t +(M-M)o )V () [25]

NM NM

From the density matrix, the following expectation values can be calculated:

(It ) =Trace[13p(t)]

=i (0 )05 (0, {1~ 05(203,0] +-5in’ (0 Jcos* (0, )[1 - cos(265,0]
(I ) =Trace[13*p()] = 0
(I * ) =Trace[I; *p(] = 0 [26]

From this expression, it can be seen only that only x-phase triple-quantum coherence

(I*) is created for each orientation. The coefficient in front of <I; 4> is always positive.

<I;4> is maximal when A, = 0 (at RR) and is minimal when A, >> 1 (away from RR).

14



CT to triple quantum coherence transfer is also possible from the initial condition

p(0) =157, Taking A, = 0, a similar calculation shows that, starting with

pr(0) =157 > |N,M)(N,M|, the following expectation values can be calculated:
N.M

<I'X’4 >(t) =Trace[I} *p(t)]=0
<Ilg4 >(t) = Trace[l,*p(t)] = %sin(&}, t)sin(8} t)cos(@y —Py)

<11Z-4 >(t) = Trace[1;*p(t)] =— %sin(S?{, £)sin(8% H)sin(@y — P o) [27]

However, the efficiency for 157 — I* is less than that for I3’ — I* since the
polarization vector for the states |1> and|4> lies in the Y-Z plane with crystallite-

dependent phase given by ¢, —¢, (Eq. [27]). That is, although the CT coherence is

transferred to triple-quantum coherence, cancellation occurs due to powder averaging.

This will be verified numerically in Section III. In addition, starting with the initial

density matrix p;(0)=3I;*>|N,M)(N,M|, a similar calculation as above gives the
N.M

following expectation values:

(15" )(©) =Trace[15*p(1)]=0

(Iv*)(©) = Trace[I} *p()] = - %sin(é‘)i‘yt +8% t)[sin? (0., )cos> (0, ) — cos? (0, )sin> (0, )]
- %sin(&l},t -85 t)[sin” (0, )sin*(0,,) — cos’ (0, )cos’ (0,)]

(17 )(t) = Trace[I} *p()] = %cos(sg,t +8% t)[cos?(8,)sin>(0, ) +sin (0, )cos> (O, )]

15



+ %cos(Sgt — 32 t)[cos’ (0, )cos’(0,,) +sin’ (0., )sin’(0,,)] [28]

At RR conditions, cos(0y) = cos(0,) =sin(0, ) =sin(0,) = 1 , and hence <IIY_4 >(t) =0

N

for all times t at this order of perturbation theory. Therefore the triple-quantum excitation
efficiency is predicted to be minimal at RR conditions.
C. Spin 1> 3/2

For spin 1> 3/2, similar predictions are possible. Analogous transformations can
be made for higher spins. However, the dynamics are more complicated since there are
additional transitions present. Using the above theory, predictions can be made for the
spin-locking of the CT. The rotating frame Hamiltonian of a quadrupolar spin I,

evolving during MAS and spin-locking irradiation, is given by:
H(t) = 0, (D3I —I(1+1))+ Hy; +(1+%ij1§? [29]

Upon transforming to the quadrupolar and CT frame, the satellite transition coherences

Q21+1)
4

that are adjacent to the CT coherence are modulated at a frequency o = o, .

Therefore, the CT coherences will be transformed to adjacent satellite transition

4
21 +1

coherences when o, = no,. In accordance with our predictions, previous studies

have found that under these conditions, the spin-locking efficiency of the CT is minimal

(in the absence of second-order quadrupolar effects).” ’

Further investigations of
transfers between CT coherence and nonadjacent satellite transition coherences are

currently under way.

16



ITII. NUMERICAL SIMULATION RESULTS

A. Excitation of Triple Quantum Coherences

Fig. 3 shows [(a), (d)] |<Il—74>

 [b). @] (15*), and [(c), (] (I5*), from the initial

condition p(0) = 31, under a spin-locking field along the x direction as a function of

spin-locking time and rf field strength. The parameters used in this calculation were Cq =

2.43 MHz, 1 = 0 with

5 =20 kHz. Simulations were performed with [(a), (b), (¢)] and
T

without [(d), (e), (f)] the second-order quadrupolar interaction. As observed in a previous
study,® efficient triple-quantum excitation occurs between RR conditions (e.g. 15 kHz <
/21t <25 kHz when o,/21t = 20 kHz) in the sudden-passage regime, although the
efficiency is minimal at RR and roughly halfway in between RR conditions (i.e.,

2m, =no, ). The inclusion of the second-order quadrupolar interaction does not change
the basic dependence of the magnitude of triple-quantum excitation as a function of rf
power, but the overall efficiency of the excitation is then diminished due to a dephasing
of the coherence. As predicted in Eq. [17], only I.,* triple-quantum coherence is created
in the absence of the second-order quadrupolar interaction, as shown in Fig. 3(e) and (f).
Also, the powder-averaged nutation frequency changes sign in between RR conditions,
which was predicted in the previous section.

In order to investigate triple-quantum excitation in more detail, simulations were
performed for three crystallite orientations whose quadrupolar interactions have different
time dependences. From Eq. [2], oo(t) oscillates at 2w, for = 90° when n= 0. For
small values of B (e.g. 10°), wq(t) oscillates roughly at w,, and for medium values of

B (e.g. 45°), mq(t) oscillates at both ®, and 2w,. Thus, these orientations were chosen to

17



explore what effects different time dependences of wq(t) have on the observed triple-
quantum excitation.

Fig. 4 shows <— I‘Y’4> for these three crystallite orientations. The second-order

quadrupolar interaction is not considered in the following simulations since it does not
affect the basic features of the triple-quantum excitation. From Eq. [7], it can be shown

by expanding in Bessel functions that for B = 90°, H ., #0 only when n is even,

n,t1

whereas for B = 10° and 45°, H,,, can be nonzero for all n. At RR conditions (e.g.,

®1/21 = 20 for B = 10° and 45° [Fig. 4(b)] and w;/27 = 40 kHz for B =10°, 45°, and 90°
[Fig. 4(f)] respectively), the triple-quantum excitation efficiency is minimal. Away from
RR conditions, triple-quantum coherence is created efficiently but with a different
optimum condition for each crystallite orientation (Fig. 4(a), 4(c), 4(d), 4(e)). This
results in considerable destructive interference in the triple-quantum excitation signal,
degrading the overall excitation efficiency for a powdered sample. As seen in Fig. 3,
when o, = (n+1/2)w,, the efficiency of triple-quantum excitation is near zero, which is
consistent with the predictions made in section II. For = 10°, where wq(t) oscillates at
or, a change in the sign of wp, is seen between ®/2n = 15 and 25 kHz (Figs. 4(a) and
4(c) respectively). Similar behavior also was observed for = 90° between /2w of 35
kHz and 45 kHz. Note also that halfway in between RR conditions, i.e., ®;=(n+1/2)w,,
excitation efficiency is nonzero for these crystallite orientations [Fig. 4 (d)]; in fact for
B=90°, triple-quantum excitation is most efficient at ®;/2nr = 30 kHz. However, the

powder average of the excitation efficiency vanishes near this condition. This minimum

is qualitatively different than those minima occurring at RR conditions, which result from

18



a mixing of CT coherence states with triple-quantum coherence states (Eq. [28]). These
effects will be discussed in the next section.

Although Eq. [17] predicts a simple nutation away from RR conditions, Fig. 4
indicates that the dynamics are more complicated. Inclusion of higher-order terms in the
perturbation treatment of Eq. [16] would be necessary in order to quantitatively capture

the evolution. Such work is in currently in progress.

B. Conversion of CT Coherence into Triple Quantum Coherence

Fig. 5 shows [(a), (d)] |<Il—_4>

[0, (@] (1*), and [(c), (D] (I*) (with [(a), (b),
(c)] and without [(d), (e), (f)] considering second-order quadrupole interactions) created
from CT coherence (15 °) under the influence of the rf irradiation along the x-direction,
as a function of rf power and spin lock time. In contrast to the 112_4—> ['* transfer,
optimum transfer occurs at RR conditions. In the absence of the second-order
quadrupolar interaction, only the x-component of triple-quantum coherence, Iy*, is

created, which is predicted from Eq. [26]. In Fig. 6, <I; 4> is shown for the first two RR

conditions for three crystallite orientations in the absence of second-order quadrupolar
interactions. As predicted in the theory section, effective coherence transfer is induced
at RR conditions (i.e. ®;/27 = 20 kHz for B = 10° and 45° and ®, = 40 kHz for = 10°,
45° and 90°). As mentioned in the previous section, RR effects only occur for p=90°

when ®;= 2no;,, i.e., only even RR conditions occur for this crystallite, whereas both

even and odd occur B = 10° and 45°. Note that in Fig. 6, <I§4> > ( for all crystallites and

for all times, which was predicted from Eq. [26]. In Fig. 7, <I§4> was calculated using
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Eq. [26] for the three orientations. Fig. 7(a) is in very good with the exact numerical
calculation of Fig. 6(a). In Fig. 7(b) the agreement with Fig. 6(b) is not as good; in
particular, the predictions for = 10° have little resemblance with the exact numerical

simulation. Since the theory is just to zeroth-order, higher-order terms are expected to

become important in order to quantitatively predict <le’4 > (t).

Another aspect of the Hamiltonian under RR conditions is that it can induce

1-4

v » even though the rf irradiation is along the x-

coherence transfer between 15° <> 1

direction. Numerical calculations of the 15° <> I,* transfer were performed in order to

confirm these predictions. In Fig. §, <Il:4 >| was calculated over a powder for two

different spinning speeds, o,/2n = 20 kHz [Fig. 8(a)] and w, /2n = 40 kHz [Fig. 8(b)].
Efficient transfer was not observed for almost all rf powers.

Calculations I35° <> I,* were performed for single crystallite orientations in
order to check if the inefficiency of the transfer was due to a destructive interference

between different crystallite orientations. Fig. 9 shows the simulation results for 13~ —

I,* transfers at RR conditions, in the absence of second-order quadrupolar interaction

and resonance offsets. Interestingly, efficient transfer does occur for all three crystallite
orientations. However, significant destructive interference across the powder is observed
for these crystallite orientations even without considering the second-order quadrupole
interaction. As seen from Eq. [27] and Fig. 9, the expectation values of triple-quantum
coherence can be either positive or negative resulting in a cancellation of the triple-

quantum coherence signal in a powdered sample.

20



IV. CONCLUSIONS

The purpose of this study was to present a theory of the excitation and conversion
between multiple-quantum coherences in spin I = 3/2 quadrupolar nuclei in powdered
samples in the sudden-passage limit. The theory is applicable to rf irradiation even at RR
conditions (®; = nw,) and may be extended to included resonance offset and second-order
quadrupolar effects, as well as potentially generalized to the treatment of I > 3/2 nuclei.
It may be used to predict the results of the recent FASTER MQMAS experiments®, as
well as the heretofore-unexplained reductions in spin-locking efficiency of the central
transition at rotational resonance conditions® ’. A complete analytic theory of this sort
has not been presented elsewhere.  In this work, the spin-locking Hamiltonian was first
transformed into a novel combined quadrupolar and CT interaction frame and then
rendered time-independent via a bimodal Floquet treatment. At this point, perturbation
theory was used in order to describe the spin dynamics at and away from RR. At RR
conditions, the conversion of CT coherence to triple-quantum coherence was found to be

efficient over a powdered sample. When the phase of the rf irradiation is along the x-
direction, 15> — Iy * is efficient over the powder; however, I5° — I,* is inefficient

due to the fact that the signals from different crystallites destructively interfere, resulting
in an overall degradation of the coherence transfer efficiency. Away from RR conditions,
the excitation of triple-quantum coherence from z-magnetization was found to be
efficient, and minimal excitation occurs for most crystallites when at RR. However,
when roughly halfway in between RR conditions, the overall excitation efficiency also

was found to be minimal, this time due to a cancellation of signals over the powder.
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In future work, the theory will be extended to higher-orders of perturbation theory
since the energy difference between the Floquet states is not much greater than the
coupling between them, necessitating the inclusion of higher-order corrections into the
theory. Also, the calculation of higher-order perturbation terms will be necessary in
order to understand the dynamics of I>3/2 nuclei in the sudden-passage limit, such as
five-quantum coherence creation and the corresponding multiple-quantum conversions.

Further theoretical and experimental studies are currently underway.
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FIGURE CAPTIONS:

Figure 1. The fraction of crystallite orientations satisfying Eq. [15] as a function of rf
field strength, ;. For =0 and Cq= 2.43 MHz, 2000 pairs of powder angles (j3,7)
were generated using the REPULSION sampling."”” The Fourier coefficients Ay and By
of Eq. [7] were generated for these angles up to [N| = 80. Eq. [7] was then directly
evaluated for each orientation. Spinning speeds of ®,/2r = 20 kHz [(a), (c¢)] and /21 =

40 kHz [(b), (d)] were examined. The number of crystallites satisfying the condition

|(N -NYo, £ (’31| . Z‘HN—N',il

for all N and N’ are presented in (a) and (b) while those

satisfying the condition |(N -No, £ 0)1| > 4‘HN—N',i1 for all N andN' are shown in (c)

and (d). RR conditions are shown with a dotted line. As ,; increases, the number of

crystallites satisfying Eq. [15] decreases.

Figure 2. The distribution for -m,,; over a powder calculated from Eq. [18] for various ®;

values. For n=0, Co=2.43 MHz, and o/2n = 20 kHz, only those crystallites satisfying

the condition |(N -N)o, + 031| > 2‘HN—N',il were considered from a set of 2000 powder

points. /27 values of (a) 25 kHz, (b) 30 kHz, (c) 35 kHz, (d) 45 kHz, (e) 50 kHz, and

O, . . :
() 55 kHz were used. 2¢“t is average nutation frequency over the powder, and c is the
T

standard deviation. From the distributions it can be seen that the mean value of the
distribution shifts from positive to negative in between RR conditions, passing through

zero roughly midway.
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Figure 3. Exact numerical calculation of [(a), (d)] |<Il_4>

, [(b), @1(I*), and [(0), ()]

<— 11{4> under rf irradiation along the x-direction applied to p(0) = 31,*, with [(a), (b),
(c)] and without [(d), (e), (f)] considering the second-order quadrupolar interaction, as a
function of rf power and pulse length. The parameters used in the simulation were n =0,

and Co= 2.43 MHz. A total of 1154 crystallite orientations were employed at a /21 =
20 kHz for the powder average. RR conditions are shown with a dotted line. Equally
spaced contour levels are shown (with dashed contours indicating negative values) in the
following ranges: (a) {0.1, 0.45}, (b) {-0.3, 0.3}, (c) {-0.15, 0.2}, (d) {0.15, 0.6}, (e)

{—6x107"3x107"*}, and (f) {-0.3,0.5}.

Figure 4. Exact numerical calculation of <— 11{4> for the three crystallite orientations (p =

10° (dashed line), B = 45° (dotted line), and B = 90° (solid line)) created from p(0) =
31,* at various tf powers: (a) 15, (b) 20, (c) 25, (d) 30, (e) 35, and (f) 40 kHz. The
parameters used in the simulation were ®,/2n =20 kHz, n1=0, and Co= 2.43 MHz. In

particular, note that (d), excitation is efficient for both B = 90° and B = 10°, as contrasted
to excitation at RR conditions in (b) (for B = 10° and 45°) and (f) (B = 10°, 45°, and 90°)

where the excitation efficiency is minimal.

(), @] (I5*), and [(c), (D]

Figure 5. Exact numerical calculation of [(a), (d)] |<Il_4>

<I§4>, under spin-locking along the x-direction applied to 13, with [(a), (b), (c)] and

without [(d), (e), (f)] considering second-order quadrupolar interaction, as a function of
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the rf power and pulse length. The parameters in the simulation were ®,/2n =20 kHz,
n =0, and Cqo=2.43 MHz. A total of 1154 crystallite orientations were employed in the

calculation. Equally spaced contour levels are shown (with dashed contours indicating

negative) in the following ranges: (a) {0.06, 0.24}, (b) {0.02, 0.22}, (¢) {-.12, 0}, (d)

{0.06, 0.24}, (e) {0.06, 0.24}, and (f) {—1.2x107*,2x107"°}. Only the first two RR
conditions, ®; = ®; and ®; = 2w, were observed for these parameters [(a), (d)], and, as

shown in (e), only efficient transfer was observed for 13> — I¢* [(b), (e)], with

<le‘ 4> > ( for all time and m,.in the absence of second-order quadrupolar interaction. As

shown in (f), 15" — I* is negligible over the powder in the absence of second-order

quadrupolar interaction. RR conditions are marked with a dotted line.

Figure 6. Exact numerical calculation of <I;4> for three orientations (p = 10° (dashed

line), B = 45° (dotted line), and B = 90° (solid line)) from I3’ at rf field strengths of (a)

®1/2n= 20 and (b) ®;/2n= 40 kHz in the absence of second-order quadrupolar coupling.

The parameters used in the simulation were o,/2n =20 kHz, 1 =0, and Cq= 2.43 MHz.

Again, <11X‘4> >( for all three orientations, as predicted in Eq. [26].

Figure 7. Calculation of <le_4> for three orientations (p = 10° (dashed line), p = 45°

(dotted line), and B = 90° (solid line)) from I3’ at rf field strengths of (a) w;/2n= 20 and

(b) ®1/2n=40 kHz using Eq. [26]. The parameters used were ®,/2n =20 kHz, n =0, and
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Cq=2.43 MHz. Eq. [26] is able to predict many of the features in the exact numerical

simulation of Fig. 6.

Figure 8. Exact numerical calculation of |Il_'4| under rf irradiation along the x-direction

applied to I3~ (a) with and (b) without considering second-order quadrupole interaction,
as a function of the rf power and pulse length. The parameters used in the simulation

were o/2n =20 kHz, n=0, and Co= 2.43 MHz. Equally spaced contour lines are

shown with between {0.012, 0.026}. A total of 1154 crystallite orientations were

employed in the simulation, and RR conditions are marked with a dotted line.

Figure 9. Exact numerical calculation of <— I§4> for the three orientations (p = 10°

(dashed line), B = 45° (dotted line), and B = 90° (solid line)) from p(0) = 13 at rf field

strengths of (a) ®;/2n= 20 and (b) ®w;/2n = 40 kHz. The parameters used in the

simulation were ®,/2n = 20 kHz, 1= 0, and Co= 2.4 MHz.
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